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The generalization of the geometric phase to the realm of mixed states is known as Uhlmann phase.
Recently, applications of this concept to the field of topological insulators have been made and an
experimental observation of a characteristic critical temperature at which the topological Uhlmann
phase disappears has also been reported. Surprisingly, to our knowledge, the Uhlmann phase of such
a paradigmatic system as the spin-j particle in presence of a slowly rotating magnetic field has not
been reported to date. Here we study the case of such a system in a thermal ensemble. We find that
the Uhlmann phase is given by the argument of a complex valued second kind Chebyshev polynomial
of order 2j. Correspondingly, the Uhlmann phase displays 2j singularities, occurying at the roots
of such polynomials which define critical temperatures at which the system undergoes topological
order transitions. Appealing to the argument principle of complex analysis each topological order is
characterized by a winding number, which happen to be 2j for the ground state and decrease by unity
each time increasing temperature passes through a critical value. We hope this study encourages
experimental verification of this phenomenon of thermal control of topological properties, as has
already been done for the spin-1/2 particle.
I. INTRODUCTION
The emergence of the geometric phase in quantum
physics has been a groundbreaking event[1]. It has
served as a tool to comprehend its fundamentals, as
the spin statistics theorem[2] or the Aharanov-Bohm
effect[1]. In the field of condensed matter physics the
geometric phase is a quantity that comes out in the the-
oretical description of the quantum Hall effect[3, 4], the
correct expression for the velocity of Bloch electrons[5],
ferromagnetism[6, 7], topological insulators[8], among
other phenomena. It is also a central concept in holo-
nomic quantum computation[9].
Firstly proposed for adiabatic cyclic evolution[1], the
geometric phase concept has already been broadened to
arbitrary evolution of a quantum state[10–12] and is thus
ubiquitous in quantum systems. Nevertheless, this ap-
proach to the geometric phase considers pure states only,
while a more realistic description of quantum phenomena
requires making use of the density matrix formalism.
The appropriate extension of the geometric phase to
mixed states was developed by Uhlmann[13, 14] and is
thus called the Uhlmann phase. It has been theoreti-
cally studied in the context of 1D and 2D topological
insulators[15–18], for example the 1D SSH model[19] and
the Qi-Wu-Zhang 2D Chern insulator [20]. A key fea-
ture of these systems is the appearance of a critical tem-
peratures above which the Uhlmann phase vanishes re-
gardless of the topological character of the system in the
ground state. This temperature sets a regime of stability
of the topological properties in such systems, and has al-
ready been experimentally observed in a superconducting
qubit[21], which gives the Uhlmann phase a higher on-
tological status. Recently, a connection between a topo-
logical invariant (the Uhlmann number) and measurable
physical quantities, like the dynamical conductivity was
established through the linear response theory[22].
For pure quantum systems, a paradigmatic example to
illustrate the abstract notions of quantum holonomies is
the spin-j particle interacting with a slowly rotating mag-
netic field. In its original paper, Berry[1] obtained the
beautiful solid angle formula for the eigenstates of this
system . More recently, a generalization of the solid an-
gle formula for arbitrary spin-j states has been found in
terms of the state’s Majorana constellation[23, 24] which
also gives insight on their entanglement properties[25].
From a more practical standpoint, the study of the ge-
ometric phase for a spin-1/2 is the workhorse to build
1-qubit holonomic quantum gates[9, 26], with a possi-
ble extension to SU(2) qudit gates for higher spins[27].
This makes the study of the geometric phase for spin-j
particles of vital importance.
Surprisingly, the problem of the Uhlmann phase of
a spin-j particle, even the 1/2 case whose Hamiltonian
models any two-level quantum system, has not been ad-
dressed yet, to our knowledge. Here, we calculated the
Uhlmann phase of a spin-j particle subjected to a slowly
rotating magnetic field. We derived a compact analytical
expression in terms of the argument of the complex val-
ued second kind Chebyshev polynomials[28, 29] U2j(z)
multiplied by the Pauli sign (−1)2j . When the field de-
scribe a circle instead of a cone, the Uhlmann phase
becomes topological with respect to temperature: the
change from zero to π (or viceversa) at certain critical
temperatures related to the roots of U2j(z). Based on a
theorem of complex analysis,[30, 31] we define the Chern-
like Uhlmann numbers[32] as winding numbers. For arbi-
trary direction of the external field, and as a function of
temperature, the colored plot of the phase allows to iden-
tify visually the number of critical temperatures and the
Uhlmann topological numbers for a given spin number j.
The paper is organized as follows. In section 2 we de-
rive the Uhlmann phase for the spin-j particle. In section
























cal transitions and obtain their corresponding Chern-like
numbers numbers. In section 4 we analyse the Uhlmann
phase with respect to temperature and magnetic field’s
polar angle. Section 5 contains the conclusions.
II. UHLMANN PHASE FOR AN ARBITRARY
SPIN J IN AN EXTERNAL MAGNETIC FIELD
The Uhlmann phase of a mixed quantum state is given










where ρ̂ is the system’s density matrix with a spectral
decomposition
∑
k pk |k〉 〈k| and P is the path-ordering











〈l| (d |k〉) |l〉 〈k| , (2)
where d is the exterior derivative operator[5]. This equa-
tion is written in the density matrix eigenbasis, thus a
parameter dependence on the eigenkets is to be under-
stood.
The Hamiltonian of a spin-j particle interacting with
a magnetic field is expressed
Ĥ = Bn̂ · Ĵ , (3)
where all physical constants which give raise to the in-
teraction are taken into account in B. The vector op-
erator Ĵ has the components (Ĵx, Ĵy, Ĵz), where Ĵi are
the usual angular momentum matrices of spin j[33]. We
will consider the familiar fixed magnitude magnetic field
that rotates along the ẑ axis at constant frequency. The
unit vector n̂ = (sin θ cosφ, sin θ sinφ, cos θ) is taken with
fixed θ, while φ changes during the evolution from 0 to
2π. For a thermal ensemble, the corresponding density





where β = 1/kBT . The partition function Z can be ig-
nored in the calculation of the Uhlmann phase (1), since
it is real and represents just a scaling factor of the com-
plex number Tr[M̂ ], where M̂ = ρ̂P e
∮
ÂU . The thermal
basis in this case is given by a rotated |j,m〉 basis, which,
in Euler angle representation is given by
|j,m; n̂〉 = e−iφĴze−iθĴyeiφĴz |j,m〉 . (5)
The thermal occupation probabilities pm are readily seen
to be e−βBm/Z.
We now proceed to calculate the the Uhlmann connec-
tion for the problem at hand. The factor involving the









= 1− sech[βB(m−m′)/2], (6)
while the factor involving the exterior derivative d be-
comes
〈m′| d |m〉 = ie−i(m
′−m)φ sin θ 〈m′| Ĵx |m〉 , (7)
plus a negligible diagonal term. Inserting equation (6)
and (7) into (2) straightforwardly yields
ÂU = −iη
(
Ĵz sin θ − e−iφĴz ĴxeiφĴz cos θ
)
dφ, (8)
where η = sin θ[1 − sech(βB/2)]. Calculation of the
time ordered integral P e
∮





Û = V̂ (φ)Û , (9)
where the solution Û is the is just the time ordered ex-
ponential and V̂ (φ) is iÂU . Solving eq.(9) for a closed




ÂU = (−1)2je−i2π[(η sin θ−1)Ĵz−η cos θĴx]. (10)
In order to obtain the Uhlmann phase, we need to take
the trace of M̂ . Except for the lowest total angular mo-
mentum representations, its exact closed form of is very
cumbersome. Also we would need to find the specific
matrix M̂ for every j, which is not very practical for
our purposes. A way out of this pothole is noticing that
the object we need to trace out belongs to the Lie group
SL(2,C) in the (j, 0) representation. Basic representa-
tion theory of this group[34] tells us that once the eigen-
values (λ+, λ−) of the (1/2, 0) representation are known,
the eigenvalues for higher j are given by
λ2j ,λ2j−2, . . . , λ−2j+2, λ−2j (11)
with λ = λ+ = λ
−1
− , where λ± are the eingenvalues ob-
tained from j = 1/2. The equality above follows from
the property that the group has unit determinant. Hav-











The calculation that remains is to obtain the exact form




z2 − 1, (13)
with z(θ) being the complex variable






1− sin2 θ tanh2(βB/2). The function
z(θ) defines a simple closed curve in the complex plane,
this property being of fundamental importance in what
















where U2j(z) are the second kind Chebyshev
polynomials[29]; we will refer to them just as Chebyshev
polynomials to simplify matters. Equation (15) is
valid under cyclic adiabatic evolution and is exact in
this regime. The upper index (j) tells us that the
Uhlmann phase is that of a spin-j particle. Also, in
the low temperature limit this equation reduces to the
corresponding Berry phase[1, 5, 17]. We note that
the nice compact form of result (15) is not simply a
phase portrait of the Chebyshev polinomials in the
whole complex plane, because the point z(θ) lies in
a curve, with its shape depending on the parameter
βB. It is interesting, however, the relation between
the phase of polynomials U2j(z) and an observable
phase of a quantum system. Appearance of Chebyshev
polynomials in the Uhlmann phase can be traced back
to Ĥ pertaining to su(2) algebra and the particle being
in thermal equilibrium. This generates an element of
SL(2,C) via ρ̂ e
∮
ÂU , whose eigenvalues can always be
written as v±
√
v2 − 1, v ∈ C. It would be interesting to
explore what kind of mathematical object the Uhlmann
phase would be when considering a Hamiltonian that
belongs to su(n) for n > 2.
III. TOPOLOGICAL UHLMANN PHASE
TRANSITIONS
A. Critical temperatures
The Uhlmann phase just obtained is determined by the
argument of the complex Chebyshev polynomials U2j(z).
The function U2j have real roots only, 2j in number, lying
in the open interval (−1, 1)[29]. The zeros of any poly-
nomial Pn(z) define points in the complex plane where
its magnitude becomes zero, implying that its argument
becomes undefined[30]. These points are referred to as
phase singularities and are a general phenomenon of wave
physics. In the field of optics,[35] for example, they allow
to define optical vortices which have found a number of
applications.
The Uhlmann phase displays 2j phase singularities.
The restriction on the variable z(θ) to acquire real values
implies that θ = π/2, that is, the magnetic field should
lie on the equator of the sphere of directions. As a con-
sequence, there are as many as 2j critical temperatures
FIG. 1. Uhlmann topological phases Φ
(j)
U and Chebyschev
polynomials (−1)2jU2j as functions of βB, for θ = π/2. The
left column presents the phase for the half integer values
j = 1/2, 3/2, 5/2 ((a),(c), and (e), respectively). The right
column displays the phase for the integer values j = 1, 2, 3
((b), (d), and (f)). The integers between the zeros of the poly-
nomials indicate associated winding numbers, corresponding
to Uhlmann numbers n
(j)
U (see text in Sec. IIIB).
T
(j)
c,k (k = 1, . . . , 2j) determined by






where on the right hand side is the k-th root of the Cheby-
shev polynomial U2j(x), with x = z(θ = π/2).
Figure 1 shows the Uhlmann phase as a function of βB
for θ = π/2 and several values of j. Note that for half in-
teger j there is a negative sign multiplying U2j(x). It can
be seen that Φ
(j)
U (βB) = arg[(−1)2jU2j(x)] is 0 or π, and
in this manner topological. The topological transitions,
between trivial and nontrivial phases, occur at tempera-
tures (or field magnitudes) such that the Chebyshev poly-
nomials vanish, and the precise value, 0 or π, of the phase
Φ
(j)
U is determined by the sign of the polynomials times
the Pauli sign (−1)2j . Note that for very high tempera-
tures (βB  1) the Uhlmann phase vanishes, as expected
for a system under thermal noise[17]. For very low tem-
peratures (βB  1), the phase Φ(j)U is either π or zero
for half integer and integer values of j, respectively. That
is the expected behaviour because the Uhlmann phase of
a thermal ensemble approaches the geometric phase of
a pure system in its ground state as we approach zero
temperature[17]. For example, a ground state spin-j par-
ticle in a slowly rotating planar (θ = π/2) magnetic field
acquires a Berry phase[1] γ−j = 2πj, consistent with the
aforementioned. What is remarkable about this result is
the emergence of many critical temperatures, distributed
in a nonuniform way as j varies. There are 2j critical
temperatures, some of which are at higher or lower val-
ues from that of the j = 1/2 case. Thus, additional non-
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trivial topological phases appear at higher temperatures
in comparison to the simplest spin one-half particle, and
are in this sense more robust against thermal noise. On
the other hand, the critical temperatures cannot reach
arbitrary large values for high j, given the constraint im-
posed by eq.(16), or equivalently, due to the fact that all
the roots of U2j(z) lie in the interval (−1, 1).[29]
Viyuela et al. predict[32] the existence of two criti-
cal temperatures in a 2D topological insulator with high
Chern numbers, suggesting the possibility of purely ther-
mal topological transitions. Furthermore, the thermal
topological phase transition for j = 1/2 has already been
confirmed experimentally[21] in a superconducting qubit.
We regard this as a strong suggestion of the physical ex-
istence of multiple Uhlmann topological transitions for
a spin-j particle, and thus hope our results encourage
experimental verification of this phenomenon.
B. Topological Uhlmann numbers
The case j = 1/2 is illustrative. There is only one
topological transition, occurring at βB = 2 ln(2 +
√
3)
(Fig. 1(a)). Viyuela et al.[15]report this single critical
temperature[36] for three representative 1D models of
topological insulators and superconductors. At zero tem-
perature, T = 0, the ground state of the system acquires
a Berry phase of π and a Chern number of +1. At finite
temperature, for T < T
(1/2)
c,1 the same phase is preserved,
but above the critical temperature the Uhlmann topo-
logical phase becomes trivial. This is in sharp contrast
to the zero temperature behavior. A question that nat-
urally arises at this point is about the invariants asso-
ciated with the topological phases that occur for higher
j. A look at Fig. 2 will give insight about writing the
proper definition of them. The figure depicts the z(θ)
curve (14) for four temperatures, where the dots mark
the roots of U3(z(θ)). The smallest curve (purple) corre-
sponds to the higher temperature while the largest (red)
is for the lowest temperature. As the temperature de-
creases, the curve expands and progressively encloses the
roots of U3, whenever the temperature crosses a critical
value T
(j)
c,k . The number of enclosed roots is zero at high
temperatures, and ends up being 2j for low enough tem-
peratures. This relates a topological property of z(θ), the
number of roots enclosed, and the critical temperatures.
According to the argument principle of complex
analysis[30, 31], if z(θ) encloses k roots of U2j , then the
curve[37] U2j(z(θ)) winds around the origin k times, so
the number of closed roots equals the winding number.
The winding number of the curve (−1)2jU2j(z(θ)) tells
us how many times its phase changes from 0 to 2π,[38]
but this phase is just Φ
(j)














FIG. 2. Argand diagram of z(θ) for several values of βB.
Considering the case j = 3/2, the points marked on the real
axis are the roots of polynomial U3(z). At high enough tem-
peratures the curve z(θ) (purple) does not enclose a single
root. As temperature reduces the curve expands and encloses
progressively the roots. The Uhlmann numbers are given by
the number of roots inside z(θ).
to be the winding numbers of the (−1)2jU2j(z(θ)) curve,
for a temperature between two succesive critical values.
These integer numbers are the equivalent of the Chern
numbers of pure states.[7] In fact, expression (17) is con-
sistent to that proposed as definition of Uhlmann num-
bers for two-dimensional topological insulators[17]. Here,
we have followed a more ad hoc path, motivated by the
specific form of the Uhlmann phase (15), given in terms
of polynomials.
Figure 3 shows the Uhlmann numbers for different val-
ues of j. The steps at which nU change by unity are
located at the critical temperatures T
(j)
c,k . Note that the
maximum value that nU takes on is 2j, which equals the
Chern number of a spin-j particle in its ground state[5].
The figure illustrates how the appearance of multiple
critical temperatures makes possible transitions between
nontrivial topological orders of the type 2j → 2j − 1 →
2j − 2→ . . .→ 0 for increasing temperature.
In the model of a 2D topological insulator which
presents two critical temperatures[32], there are three
topological phases, one trivial with nU = 0 and two non-
trivial with nU = 1 and 2, which can be accessed by
varying the temperature. The appearance of 2j + 1 dis-
tinct Uhlmann numbers in the spin-j particle is a more
dramatic example of a system with more than one non-
trivial order.
IV. UHLMANN GEOMETRIC PHASES FOR
ARBITRARY FIELD DIRECTION
In Fig. 1 we show the temperature dependence of the
Uhlmann phase for θ = π/2. We now turn to anal-
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FIG. 3. Uhlmann numbers nU as a function of temperature,
for some values of the spin number j. The steps are located
at a set of values of βkB which define critical temperatures
T
(j)
c,k , with k = 1, . . . , 2j.
yse this dependence for directions in the whole interval
0 ≤ θ ≤ π. Fig. 4 shows a color map of Φ(j)U (θ, βB) for
distinct spin number j. In each panel, 2j vortices can be
distinguished along the line θ = π/2, which correspond to
the zeros of U2j(z), or equivalently, the critical tempera-
tures. Note that for all cases the phase Φ
(j)
U (θ, βB) → 0
for high temperatures βB  1, as expected. On the
other hand, for very low temperatures βB  1, the
Uhlmann phase must converge to the Berry phase,[1, 5]
Φ
(j)
U (θ, βB)→ 2jπ(1−cos θ). For example, in the j = 1/2
panel at low temperatures the sequence of colors as θ goes
from zero to π is that of the colorboxes on the right: the
Uhlmann phase is 0 for θ = 0 and increases up to 2π
for θ = π. Let us call that sequence of colors a phase
cycle. For panels with higher j at low temperatures we
see that the phase cycles appear 2j times. Lowering tem-
perature, the number of phase cycles decrease by unity
when crossing a critical temperature. A look to the j = 1
panel illustrates this point. For low temperatures, there
are two phase cycles as θ goes from 0 to π. When in-
creasing temperature above the first critical value T
(1)
c,1
the Uhlmann phase only traverses one phase cycle, and
none of them above the second critical temperature.
This behavior can also be illustrated in a similar way to
that used to see the argument principle in action through
the colored phase portrait of a complex function.[30] To
take a concrete example, consider a simple closed path
encircling the three singularities of the phase in Fig. 4 for
j = 3/2, and follow the number of phase cycles occur-
ring when it is traversed. It can be seen that this num-
ber is exactly 2j, the number of zeros enclosed, which is
also the number of critical temperatures. The isochro-
matic lines (for instance the green ones) appear just 2j
times. The number of cycles diminish by one each time
the path shrinks to leave out a zero, where shrinks means
FIG. 4. Uhlmann phases Φ
(j)
U (θ, βB) for j = 1/2, 1, . . . , 3.
There are 2j singularities along the θ = π/2 line. The
Uhlmann number characterizing a topological order can be
obtained visually by encircling one or more singularities with
a simple closed curve and counting the number of times an
isochromatic line is repeated (see text).
to increase the temperature, in line with the geometri-
cal interpretation of the Uhlmann numbers suggested by
Fig. 2. Thus, in our problem the Uhlmann numbers can
also be obtained from the number of cycles displayed by
the function Φ
(2j)
U (θ, βB) in the vicinity of singularities.
V. CONCLUSIONS
In this paper we have studied the Uhlmann phase of a
spin-j particle interacting with a slowly varying magnetic
field. We obtained a simple expression for that phase
given by the argument of complex valued second kind
Chebyshev polynomials U2j(z) multiplied by the Pauli
sign (−1)2j , the complex variable z being a function
of the direction of the external field and temperature.
As a consequence, 2j phase singularities appear which
imply the possibility of topological phase transitions at
2j distinct critical temperatures. This is remarkably in
contrast to the temperature dependence of the Uhlmann
phase reported for topological insulators and supercon-
ductors. Based on the principle argument of complex
analysis, we derived a proper topological invariant, the
Uhlmann number, as a winding number associated to a
topological order of the system, existing between two suc-
cessive critical values of the temperature. The Uhlmann
number lie between 0 and 2j.
Our study suggests a purely thermal manipulation of
topological transitions of a spin-j particle. This nontriv-
ial effect has already been observed for the j = 1/2 case
and thus we hope this study encourages experimental
verification of this phenomenon.
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